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Abstract
This paper is mainly concerned with the structure of the centre of a vector lattice. A special attention
is paid in the case when E = L p , p ≥ 1. In this paper we give some characterizations of dense vector
sublattices of the centre. Those characterizations will be applied in several directions. At the end of this
work we compare various fullness and richness properties of the centre of a vector lattice.
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1. Introduction
The centre Z(E) of a vector lattice E consists of all linear operators on E which are bounded
in order by some multiple of the identity. Provided that E is Archimedean then the centre is
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a commutative algebra and lattice with an order unit which is also an algebra unit (the identity
operator) which may identified with a dense sublattice and subalgebra of C(K ) for some compact
Hausdorff space K . In the course of time much attention has been paid to the structure of Z(E)
(see [2,3,6,9,10,14,15,18]). It appears that the study of Z(E) is a very useful tool for that of
lattice homomorphisms and of extended orthomorphisms. An important question is to know how
big Z(E) may be. If E is represented as a lattice of continuous extended real valued functions on
some topological space X then the centre may be identified with the space of bounded continuous
real valued functions on X which map E into itself by pointwise multiplication. For example,
if µ is a σ -finite measure then the centre of L p(µ) may be identified with L∞(µ) where the
identification T ∈ Z(L p(µ)) ↔ φ ∈ L∞(µ) is described by T f (x) = φ(x) f (x) µ-almost
everywhere. If Σ is a locally compact Hausdorff space then the centre of C0(Σ ) may similarly
be identified with Cb(Σ ), all continuous bounded functions on Σ . This functional description
of the centre makes many simple computations involving the centre easy to comprehend. Band
projections are certainly central operators. In fact they are precisely the idempotents in Z(E) and
are also precisely the components of I (the identity operator) in Z(E). If E has the principal
projection property then E contains many projection bands so the centre will certainly be large.
In fact if E is Dedekind σ -complete and x, y ∈ E with 0 ≤ x ≤ y then there is T ∈ Z(E) with
T y = x . Hart, in [6], terms this property of Z(E), transitivity. At the other extreme there are
examples of vector lattices for which the centre consists only of multiples of the identity, which
must always lie in Z(E). The simplest example of such is due to Zaanen [20] and comprises
the continuous real-valued functions on [0, 1] which are piecewise linear, i.e. there is a finite
dissection (depending on the choice of function) of [0, 1] into subintervals on each of which the
function is linear. Rather less well understood, but undoubtedly more important, is the example
due to Goullet de Rugy [4, Theorem 2.28 and Proposition 3.42] of an AM-space with trivial
centre. See [17] for a slightly simpler exposition.
This paper is divided into four sections. In the first one, we fix the terminology, we study the
strong operator topology τs on Z(E); a special attention is paid in the case when E = L p, p ≥ 1.
The second section deals with dense vector sublattices or subalgebras; they are characterized
in terms of positive linear forms, separation properties and stable subspaces. In the third part
are given three kinds of applications: a criterion of denseness for vector sublattice of E and
characterizations of vector lattice E in which (Z(E), τs) is normable or has the Lebesgue
property. Finally, in the last section, we compare various fullness and richness properties of
Z(E) and give examples and counter-examples.
2. Preliminaries
Let E be an Archimedean vector lattice; we shall say that E is a locally convex vector lattice
if E is endowed with a locally convex, locally solid Hausdorff topology; we shall say that E
satisfies the Lebesgue property if, for every decreasing net (uα) in E , such that inf uα = 0, we
have lim uα = 0.
If u ∈ E , we denote by Iu (resp. Iu, {u}dd ) the principal ideal (resp. closed ideal, band)
generated by u in E . On Iu we shall often consider the norm ∥ f ∥u = inf {λ, | f | ≤ λ |u|}. If
u ∈ E+ and Iu = E (resp. Iu = E, {u}dd = E) then we say that u is an order unit (resp. a quasi
interior point, a weak order unit) of E .
A vector sublattice F of E is said to be order dense (resp. cofinal) in E if, for every 0 < u ∈ E ,
there exists some f ∈ F such that 0 < f ≤ u (resp. u ≤ f ). It should be noticed that F is order
dense in E if and only if, for every u ∈ E+, u = sup { f ∈ F : 0 ≤ f ≤ u}.
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The centre Z(E) of an Archimedean vector lattice E may be naturally normed by ∥T ∥ =
inf

λ ∈ R+ : |T | ≤ λIE

. We consider also on Z(E), for u ∈ E+, the semi norms ∥T ∥u =
inf

λ ∈ R+ : |T u| ≤ λu. It may be observed that ∥T ∥ = sup ∥T ∥u : u ∈ E+ and that
∥T ∥v ≤ ∥T ∥u = ∥T u∥u , whenever u ∈ E+ and v ∈ {u}dd . If F is a vector sublattice of E ,
we shall note Z(E, F) = {T ∈ Z(E), T (E) ⊂ F}.
Although we have seen that Z(E) is canonically normed, when speaking of Z(E) as a
locally convex vector lattice, we shall always consider the strong operator topology τs on Z(E);
precisely, τs is the topology generated by the semi norms ρu(T ) = ρ(T u), for some u ∈ E+ and
some continuous semi norm ρ on E . It is clear that ∥·∥ is finer than τs on Z(E), and we shall
prove further that it is generally strictly finer.
For more details about vector lattices and some well known facts that we shall use, see [1,7,
9,13]. We also follow [10,14,19] for Z(E). The topology τs on Z(E) has already been studied
in [10,14]; it may be observed that if E is a topologically complete locally convex vector lattice,
then the completion of (Z(E), τs) may be identified to the vector lattice Orth(E) of all band
preserving order bounded linear operators from E into E . If in particular E is a Banach lattice,
then Z(E) = Orth(E) and (Z(E), τs) is complete.
The following two lemmas are the first stages in the study of the strong operator topology on
Z(E).
Lemma 1. Let E be a locally convex vector lattice. Then for every θ ∈ (Z(E), τs)′ there exists
µ ∈ E ′ and f ∈ E ′ such that
θ(T ) = µ(T f )
for all T ∈ Z(E). If θ ∈ (Z(E), τs)′+, one may choose µ ∈ (E ′)+.
Proof. Let θ ∈ (Z(E), τs)′, by Schaefer [12, Theorem 3.6] there exists {(vi , fi ) : i = 1, . . . , n}
in E ′ × E such that
θ(T ) =
n
i=1
vi (T fi )
for every T ∈ Z(E). Let v =ni=1 |vi | and f =ni=1 | fi |. Then for every T ∈ Z(E) we have|θ(T )| ≤ v(|T f |) and H = {T f : T ∈ Z(E)} is a vector sublattice of E . If we define µ′ on H
by µ′(T f ) = θ(T ) then we get a linear form on H such that µ′(h) ≤ v(|h|). By Hahn Banach
theorem we get an extension µ ∈ E ′ of µ′ such that µ(T f ) = θ(T ) for every T ∈ Z(E). 
Lemma 2. Let E be a locally convex vector lattice and let u, g ∈ E such that g ∈ Iu . If for some
net (Tα) in Z(E) we have lim Tαu = g then lim inf ∥Tα∥u ≥ ∥g∥u .
Proof. By continuity of the lattice operations on E , we have lim |Tαu| = |g|; since ∥Tα∥u =
∥ |Tα| ∥u and |Tαu| = |Tα| (|u|), we may suppose that u, g ∈ E+ and Tα ∈ Z(E)+. Let
a = ∥g∥u = inf {λ ≥ 0 : 0 ≤ g ≤ λu}; if a = 0 the result is clear; if a > 0, let b, c ∈ R be such
that 0 < c < b < a; then (g − bu)+ > 0 and, for every T ∈ Z(E)+ such that ∥T ∥u < c, we
have
|g − T u| ≥ |g − T u| ∧ (g − bu)+ ≥ (b − c)u ∧ (g − bu)+ > 0.
Thus if Tα ∈ Z(E)+ is such that lim Tαu = g, there exists some α0 such that ∥Tα∥u ≥ c for
every α ≥ α0. The result follows easily. 
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Even if in the preceding lemma u is a quasi interior point of E there is not necessarily equality
as it is shown in the following example.
Example 3. Take E = L1([0, 1]) and u = g = 1 then Z(E) = L∞([0, 1]). For
Tn(x) =

1 if x ∈

1
n
, 1

√
n if x ∈

0,
1
n

we have τs − lim Tn = IE in Z(E) but lim ∥Tn∥u = lim ∥Tn∥ = +∞.
Before the following theorem, let us give some notations. Let (Y,B, µ) be a σ -finite measure
space. If E = L p(µ), 1 ≤ p ≤ +∞, then it is well known that Z(E) can be identified to L∞(µ).
We shall denote by τ ps the strong operator topology on Z(E). τ
p
s is generated by the semi norms
ρ f (h) = ∥ f h∥L p(µ)
where f ∈ L p(µ) and h ∈ L∞(µ).
Theorem 4. 1. For every p, 1 ≤ p < +∞, (L∞(µ), τ ps )′ = L1(µ).
2. If 1 ≤ p < q ≤ +∞, then τ qs is finer than τ ps , with strict inequality if and only if L1(µ) is
infinite dimensional.
Proof.
1. By Lemma 1, (Z(E), τ ps )′+ =

µ f, µ ∈ E ′, f ∈ E+

; we get thus
(Z(E), τ ps )
′+ =

g f, g ∈ (L p′(µ))+, f ∈ (L p(µ))+

= (L1(µ))+
when writing for k ∈ (L1(µ))+, k = k 1p k 1p′ , where 1p + 1p′ = 1.
2. Let f ∈ L p(µ) and h ∈ L∞(µ), r = qp > 1 and r ′ such that 1r + 1r ′ = 1. By the Ho¨lder
inequality applied in Lr (| f |p µ), we get:
∥ f h∥pL p(µ) =
h pL1(| f |pµ) ≤  |h|p Lr (| f |pµ) ∥1∥Lr ′ (| f |pµ)
and thus
ρ
p
f (h) ≤
h | f | pq 
Lq (µ)
(∥ f ∥L p(µ))
1
p− 1q .
Then g = (∥ f ∥L p(µ))
1
p− 1q | f | pq is an element of Lq(µ); and we have ρ pf (h) ≤ ρqg (h)
for every h ∈ L∞(µ). The identity mapping from (L∞(µ), τ qs ) into (L∞(µ), τ ps ) is thus
continuous. Therefore τ qs is finer than τ
p
s (τ
p
s ≤ τ qs ). Now assume that L1(µ) is infinite
dimensional and we can prove that τ ps < τ
q
s . If A ∈ B, let
χA =

1 if x ∈ A
0 if x ∉ A;
suppose now that µ(A) < +∞, g ∈ Lq(µ) and h ∈ L∞(µ). Using once again Ho¨lder
inequality, we get
∥hgχA∥L p(µ) ≤ ∥hgχA∥Lq (µ) µ(A)
1
p− 1q .
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If the identity mapping from (L∞(µ), τ ps ) into (L∞(µ), τ qs ) is thus continuous, there would
exist some f ∈ L p(µ) such that
ρ
q
g (h) ≤ ρ pf (h)
for every h ∈ L∞(µ). It would follow that
∥hgχA∥L p(µ) ≤ ∥hgχA∥Lq (µ) µ(A)
1
p− 1q ≤ ∥h f χA∥Lq (µ) µ(A)
1
p− 1q
for every h ∈ L∞(µ) and every A in B such that µ(A) < +∞. And this inequality gives
easily
χA |g| ≤ µ(A)
1
p− 1q χA | f | . (1)
Let us use now the fact that L1(µ) is infinite dimensional and that ℓp ⊂ ℓq , ℓp ≠ ℓq , 1 ≤
p < q ≤ +∞ to find some pairwise disjoint sequence (An) in B and some sequence (αn)n
in R+ such that 0 < µ(An) < +∞ for every n and (αn(µ(An))
1
q ) ∈ ℓq \ ℓp. Now define
g =αnχAn ; then g ∈ Lq(µ) but, if for some f ∈ L p(µ), we had ρqg ≤ ρ pf , we would get
from the inequality (1)
χAn | f | ≥ αnµ(An)
1
q − 1p χAn
for every n. And thus
∥ f ∥pL p(µ) ≥

An
| f |p dµ

≥

α
p
n µ(An)
p
q = +∞
which is absurd since f ∈ L p(µ). 
Remark 5. This theorem gives a strictly increasing non countable family of locally convex
vector lattices topologies on L∞(µ), with L1(µ) as dual space (except for p = +∞, because
τ∞s = ∥·∥L∞(µ)). Moreover, τ 1s is the weakest locally convex vector lattice topology on L∞(µ),
with dual space L1(µ). These results may be applied to ℓp, 1 ≤ p < +∞, with centre ℓ∞.
3. Fullness of the centre
Let E be an Archimedean vector lattice; we shall say that the centre Z(E) is algebraically full
(resp. algebraically rich) if, for every u ∈ E+, {T u : T ∈ Z(E)} (resp. T u : T ∈ Z(E, {u}dd)
is order dense in {u}dd ). We call the centre Z(E) of a locally convex vector lattice E is
topologically full if, for every u ∈ E+, {T u : T ∈ Z(E)} is topologically dense in Iu and
that Z(E) is topologically rich (resp. topologically ultrarich) if for every u ∈ E+, u =
lim

T u : T ∈ Z(E, Iu) ∩ [0, IdE ]

(resp. u = lim {T u : T ∈ Z(E, Iu) ∩ [0, IdE ]}). The term
“topologically full” introduced by Wickstead in 1981 (see [16]), is slightly weaker than
topological richness, which was studied in [10], but it seems to give the good setting for some
problems of density in E and in Z(E).
Our aim here is to study locally convex vector lattices with topologically full centre; however
we shall use all these properties, which are intimately related. Let us mention that ultrarichness
and richness have been studied in [10] and used in [3].
The following proposition gives a first characterization of the dense vector sublattice of Z(E),
when Z(E) is topologically rich; it generalizes [10, Theorem 2.19].
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Proposition 6. Let E be a locally convex vector lattice and A be a vector sublattice of Z(E);
the following statements are equivalent
(a) Z(E) is topologically full and A is dense in Z(E).
(b) If (µ, f ) ∈ E ′× E are such that µ(T f ) ≥ 0 for every T ∈ A+, then µ+( f −) = µ−( f +) =
0.
(c) For every u ∈ E+, {T u : T ∈ A} is dense in Iu .
Proof. Assuming (a), since τs is locally solid on Z(E),A+ is also dense in Z(E)+; thus if
θ ∈ (Z(E), τs)′ is positive on A+, then θ is positive on Z(E)+; we get thus µ(T f ) ≥ 0 for
every T ∈ Z(E)+. Let g ∈ [0, f −]; using the topological fullness of Z(E), we find some net
(Tα) in Z(E) such that g = lim Tα(| f |). Since Tα(| f |) = |Tα( f )| and g ≥ 0, we may suppose
that Tα ∈ Z(E)+. We have nowg − Tα f − ≤ g − Tα f −+ Tα f + = |g − Tα | f | | .
It follows that g = lim Tα f − and that lim Tα( f +) = 0; thus g = − lim Tα f and we get
µ(g) = − limµ(Tα f ) ≤ 0 for every g ∈ [0, f −] and by Jameson [7, Theorem 2.6.1]
µ+( f −) = sup µ(g) : g ∈ [0, f −] = 0. Now, observing that (−µ)(T (− f )) ≥ 0 for every
T ∈ Z(E)+, we get also (−µ)+((− f )−) = µ−( f +) = 0. So (a)⇒ (b).
Now we can prove that (b) ⇒ (c). By Hahn Banach theorem, it suffices that µ/Iu = 0
whenever µ ∈ E ′ is such that µ(T u) = 0 for every T ∈ A. But by (b) we have then
µ+(u) = µ−(u) = 0.
Now we can prove that (c)⇒ (a). Assuming (c), the topological fullness of Z(E) is clear, to
prove that A is dense in Z(E), it suffices to verify, by Hahn Banach theorem and Lemma 1 that,
if µ(T f ) = 0 for some µ ∈ E ′ and f ∈ E+ and for every T ∈ A, then µ(T f ) = 0 for every
T ∈ Z(E). But, by (c), µ(T f ) = 0 for every T ∈ A gives µ = 0 on I f . 
Before stating our next characterization of dense vector sublattices of Z(E), we need the
following definition (see [8]). Let A be a vector sublattice of Z(E) and F be a vector sublattices
of E ; we shall say that A separates F if, for every f, g ∈ E+, such that f ∧ g = 0, there exists
some net (Tα) in A such that
lim Tα f = f and lim Tαg = 0.
Theorem 7. Under the hypothesis of the previous proposition, let us suppose moreover that A
verifies the following property (will be denoted by (∗)):
For every u ∈ E+, there exists some net (Tα) in A such that lim Tαu = u and
lim sup ∥Tα∥u < +∞.
(∗)
Then statements (a)–(c) of the preceding proposition are also equivalent to the following:
(d) A separates E.
(e) A separates some dense cofinal vector sublattice F of E.
Proof. It is clear that (d) ⇒ (e). Now, we can prove that (c) ⇒ (d). Let f, g ∈ E such that
f ∧ g = 0, u = f ∧ g and G be a convex solid neighbourhood of 0 in E ; choose an integer
n such that 1n u ∈ 14 G; by (c) there exists some S ∈ A such that Su − (n f ∧ u) ∈ 14 G. Then
S f − f = (S − IdE )( f − 1n u)+ + (S − IdE )( f ∧ 1n u) and thus
|S f − f | ≤
(S − IdE )

f − 1
n
u
++ 1n |Su| + 1n u.
E. Chil, M. Meyer / Indagationes Mathematicae 23 (2012) 167–183 173
Since f ∈ [0, u], we have(S − IdE )

f − 1
n
u
+ ≤ |Su − u| ≤ |Su − (n f ∧ u)| + (n f − u)−.
Observing that (S − IdE )( f − 1n u)+ ∈

(n f − u)+dd , so we get(S − IdE )

f − 1
n
u
+ ≤ |Su − (n f ∧ u)| ∈ 14 G
and finally
|S f − f |
∈ 1
4
G +
−1
n
|Su| , 1
n
|Su|

+
−1
n
u,
1
n
u

⊂ 1
4
G + 1
4
G +
−2
n
u,
2
n
u

⊂ G.
Now, since g ∈ [0, u] and g ∧ f = 0, we have
|Sg| ≤ |Su| ≤ |Su − (n f ∧ u)| + n f ∧ u.
Using |Sg| ∧ f = 0, we get
|Sg| ≤ |Su − (n f ∧ u)| ∈ G.
Now, we can prove that (e) ⇒ (d). Let f, g ∈ E+ such that f ∧ g = 0; since F is cofinal
in E , we have f, g ∈ [0, u] for some u ∈ F+. By (∗), there exists a net (Tα) in A such that
lim Tαu = u and lim sup ∥Tα∥u = λ < +∞. Let G be a convex solid neighbourhood of 0 in E ;
since F is a dense vector sublattice of E , it is not difficult to find f ′, g′ ∈ F ∩ [0, u] such that
f ′ ∧ g′ = 0 and f ′ − f, g − g′ ∈ 12(λ+1)G. By (e), there exists some net (Sβ) in A+ such that
lim Sβ f ′ = f ′ and lim Sβg′ = 0. Let Uα,β = Tα ∧ Sβ ∈ A+; we have also lim Uα,β f ′ = f ′ and
lim Uα,βg′ = 0. Thus there exists U ∈ A+, such that ∥U∥u ≤ λ and U f ′ − f ′,Ug′ ∈ 12 G. We
get thus
|U f − f | ≤ U ( f − f ′)+ U f ′ − f ′+  f ′ − f  ∈ G
and
|Ug| ≤ U (g − g′)+Ug′ ∈ G.
Now, we can prove that (d) ⇒ (c). Let u ∈ E+; then Au = {T u : T ∈ A} is a vector
sublattice of E . If Au is not dense in Iu , by Hahn Banach theorem, there exists µ1, µ2 ∈
(E+)′, µ1 ∧ µ2 = 0 such that µ1 = µ2 on Au and µ1(u) = µ2(u) = 1. By (∗), we have
lim Tαu = u for some net (Tα) in A such that λ = lim sup ∥Tα∥u < +∞. Now, let 0 < ϵ < 18λ ;
then by
0 = (µ1 ∧ µ2)(u) = inf {µ1( f1)+ µ2( f2) : f1 + f2 = u, 0 ≤ f1, f2}
and thus there exists f1, f2 ∈ (Iu)+, f1 + f2 = u such that:
0 ≤ µi ( f1 ∧ f2) ≤ µi ( fi ) ≤ ϵ, for i = 1, 2.
Now, let gi = fi − f1 ∧ f2, i = 1, 2. Using (e) and (∗) like in the proof of (c) ⇒ (d), we
get a net (Sγ ) in A+ such that Sγ u ≤ λu, lim Sγ g1 = g1 and lim Sγ g2 = 0. Thus, there exists
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some S ∈ A+ such that 0 ≤ Su ≤ λu and 0 ≤ µi (|Sg1 − g1|), µi (|Sg2|) < ϵ for i = 1, 2. Now,
writing
Su = S( f1 + f2) = S( f1 − g1)+ (Sg1 − g1)+ (g1 − f1)+ S( f2 − g2)+ Sg2 + f1
and observing that
µ j (S( fi − gi )) ≤ λµ j ( f1 ∧ f2) < λϵ, for i, j = 1, 2.
So, we get
µ1(Su) ≤ 2ϵλ+ 3ϵ and µ2(Su) ≥ 1− 3ϵ;
thus, since by Lemma 2, we have λ ≥ 1, we obtain finally
µ2(Su) ≥ 1− 3ϵ ≥ 1− 3ϵλ > 1− 38 =
5
8
> 5ϵλ ≥ 3ϵ + 2ϵλ ≥ µ1(Su),
which contradicts the fact that µ1 = µ2 on Iu . 
Theorem 8. Under the hypothesis of the preceding proposition, if A verifies one of the following
properties:
(i) T ∧ IdE ∈ A whenever T ∈ A+.
(ii) For every u ∈ E+, u = lim T u : T ∈ A+, T u ≤ u.
Then statements (a)–(e) of the preceding theorem and the preceding proposition are
equivalent to the following:
(f) A separates some dense vector sublattice F of E.
Proof. It is clear that (e) ⇒ (f); now, for (f) ⇒ (d), use the same proof than for (e) ⇒ (d) in
the preceding theorem but observe that, with (i) or (ii) the separation between f and g can be
obtained with a net (Sβ) such that
0 ≤ Sβu ≤ u;
for (d)⇒ (c), do as in the preceding theorem, with a net (Tα) in A+ such that lim Tαu = u and
∥Tα∥u ≤ 1. 
Before stating our next result, let us note that the equivalence of (a) and (f) was proved in [8]
under some special hypothesis when A = Z(E) and F = E by using Leader’s Fundamental
lemma.
Corollary 9. Let (Y,B, µ) be a σ -finite measure space and, for 1 ≤ p < +∞, E = L p(µ). If
A is a vector sublattice of Z(E) = L∞(µ) containing IdE = 1, then the following statements
are equivalent
(a) A is dense in (Z(E), τ ps ).
(b) For every A1, A2 ∈ B such that A1 ∩ A2 = ∅, there exists a sequence (Tn) in A such that
Tn → 1 µ-a.e. on A1 and Tn → 0 µ-a.e. on A2.
Proof. It suffices to apply the preceding theorem to A and the dense vector sublattice F of E
generated by {χA : A ∈ β,µ(A) < +∞}. 
It seems that some extra hypothesis onA are necessary to ensure that (d)⇒ (c) and that (e) or
(f) imply (d) in Theorems 7 and 8; however we have no counterexample showing this necessity.
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Theorem 10. Let E be a locally convex lattice and A be a subalgebra of Z(E), which verifies
the following property:
(iii) For every u ∈ E+, there exists T ∈ A such that T u = u.
Then, statements (a)–(f) are also equivalent to the following:
(g) The closed order ideal of E are the only vector subspace F of E such that T (F) ⊂ F for
every T ∈ A.
Proof. We prove that (c) ⇒ (g): it follows easily from the Riesz decomposition property
and from (b) applied to |v| that, for any v ∈ E, {T v : T ∈ A} is dense in Iv . If now F
is a closed vector subspace of E such that T (F) ⊂ F for every T ∈ A, then for every
v ∈ F, {T v : T ∈ A} = Iv; it follows easily that F is a closed order ideal of E . Now, we
can prove that (g) ⇒ (c). Let v ∈ E+; since A is an algebra of continuous operators on
E, {T v : T ∈ A} = Iv is a closed subspace of E such that, for every T ∈ A, T (Av) ⊂ Av;
by (g), Av is thus a closed order ideal of E ; by (iii), v ∈ Av; it follows that Av = Iv . 
We shall omit the details of the proof for the equivalence between (b), (d), (e) and (f) when
A is no more a vector sublattice but is a subalgebra of Z(E), with property (iii); as an hint, it
may be observed that if u ∈ E+ and if ψu is the restriction map from Z(E) into Z(Iu), then the
closure of ψu(A) for the norm ∥·∥ in Z(Iu) is a vector sublattice of Z(Iu).
Corollary 11. Let E be a locally convex vector lattice, then the following statements are
equivalent:
(a) Z(E) is topologically rich (resp. topologically ultrarich).
(b) For every u ∈ E+, T u : T ∈ Z(E, Iu) (resp. {T u : T ∈ Z(E, Iu)}) is dense in Iu .
Proof. For (b) ⇒ (a) was proved in [10, Theorems 2.17 and 5.7]. Now, for (a) ⇒ (b) use the
fact that Z(E, I f ) ⊂ Z(E, Iu) whenever f ∈ Iu to get that Z(E, Iu) separate Iu , for every
u ∈ E+. 
Remark 12. 1. In the special case when E has a quasi interior point and when A is a vector
sublattice and a subalgebra of Z(E), containing the identity, the equivalence between (b)
and (d) in Theorem 7 has been proved by Leader (Fundamental lemma) [8] in a completely
different way.
2. The preceding corollary generalizes [10, Theorems 2.17 and 5.7], where (a) ⇒ (b) was
proved under some special hypothesis on E .
3. Let θu be the restriction map from Z(E) into Z(Iu); it can be easily proved that Z(E) is
topologically full (resp. rich, ultrarich) if and only if, for every u ∈ E+, Z(Iu) is topologically
full and θu(Z(E)) (resp. θu(Z(E, Iu)), θu(Z(E, Iu)) is dense in Z(Iu)); if E is a Banach
lattice, then Z(Iu) is topologically rich and thus full, for every u ∈ E+ (because the mapping
πu defined by πu(T ) = T u is a lattice homomorphism from Z(E) onto Iu).
4. Applications
As a first application we obtain the following result.
Theorem 13. Let E be a locally convex vector lattice such that Z(E) is topologically full and
let F be a vector sublattice of E, generating a dense order ideal of E; the following statements
are equivalent:
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(a) F is dense in E.
(b) There exists a sup-closed subset M of F+ and a dense vector sublattice A of Z(E), such
that:
– I (M) = E.
– If u ∈ M and S, T ∈ A are such that Su ∧ T u = 0, then for some net (hi ) in F, we have
lim Shi = Su and lim T hi = 0.
(c) The same than (b) with A = Z(E).
Proof. It is clear that (b)⇒ (c). Now, we prove (a)⇒ (c). Let u ∈ F+(=M) and S, T ∈ Z(E)
such that Su ∧ T u = 0; let also V be a convex solid neighbourhood of 0 in E and n be an
integer such that 1n u ∈ 12V . By (a), there exists h ∈ F+ such that h − (nSu ∧ u) ∈ 1kV , where
k = 2 ∥S ∨ T ∥; we get
Sh − Su = S(h − (nSu ∧ u))+ S((nSu − u)+) ∈ 1
2
V + 1
n
u ⊂ V
and
T h = T (h − (nSu ∧ u))+ T (nSu ∧ u) = T (h − (nSu ∧ u)) ∈ V.
Now, we prove that (b) ⇒ (a). Since I (M) = E and M is sup-closed, it suffices to verify
that for every u ∈ M, Iu ∩ F is dense in Iu . Let Iu be the completion of (Iu, ∥·∥u) and consider
on Iu the topology obtained by extending canonically the continuous semi norms of E . Define
πu : Z(Iu) → Iu by πu(T ) = T u; then πu can be uniquely extended in a lattice onto
isomorphism πu : Z(Iu) → Iu . Let now A = πu(A) and F = πu−1(F ∩ Iu); if S ∈ Z(Iu)
and h ∈ Iu denote U = πuh and S = πu−1( f ); we have then:
Sh = (πu−1( f ) ◦ πu(h))u = (πu(h) ◦ πu−1( f ))u = πu(h) f = U f. (∗)
By Proposition 6, A is a dense vector sublattice of Iu and thus of Iu and, since πuIdE = u,F
is a vector sublattice of Z(Iu), containing the identity. By (b) and (∗), if f, g ∈ A are such that
f ∧ g = 0, there exists a net (Ui ) in F such that lim Ui f = f and lim Ui g = 0; it follows from
Theorem 7 ((d)⇒ (a)) that F is dense in Z(Iu) and thus that {Uu : U ∈ F} = F ∩ Iu is dense
in Iu and thus in Iu . 
As an immediate application of the theorem above we obtain the following result. The easy
proof of which we leave to the reader.
Corollary 14. Let E be a locally convex vector lattice with a quasi interior point u and a
topologically full centre; let F be a vector sublattice of E containing u; the following statements
are equivalent:
(a) F is dense in E.
(b) There exists a dense vector sublatticeA of Z(E) such that for every S, T ∈ Awith S∧T = 0,
we have lim Shi = Su and lim T hi = 0 for some net (hi ) in F.
Remark 15. 1. The preceding theorem and corollary may be considered as abstract version of
the Stone Weierstrass Nagel Schaefer theorem, as stated in [13].
2. The preceding theorem and corollary may also be viewed as generalization (in an other
context) of the following result, due to Goullet de Rugy [5]: Let E be an abstract M-space
and F be a vector sublattice of E , then F is dense in E if and only if F separates G(E ′+), the
cone of extremal rays in E ′+. When E is no longer an M-space, then G(E ′+) may be reduced
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to {0}; our criterion of density replaces strong separations of lattice homomorphisms from E
into R by a kind of weak separation of disjoint elements of the centre of E .
As a second application we have the following result.
Theorem 16. Let E be a locally convex vector lattice with a topologically full centre; the
following statements are equivalent:
(a) The strong operator topology τs coincides with the norm topology ∥·∥ on Z(E).
(b) E has a strong order unit u and the topology of E is generated by ∥·∥u .
(c) E is topologically and lattice isomorphic to some dense vector sublattice of C(K ), K
compact, endowed with the uniform norm.
Proof. It is clear that (b)⇒ (a) and the equivalence between (b) and (c) is a direct consequence
of Yoshida’s representation theorem (see [9]). Now we can prove that (a) ⇒ (b): If (a) is true,
there exists a continuous semi norm ρ on E and some u ∈ E+ such that ∥T ∥ ≤ ρ(T u) for every
T ∈ Z(E). We shall prove successively the following:
– u is a weak order unit of E : otherwise, there would exist g ∈ E+ such that g ∧ u ≠ 0; now,
since Z(E) is topologically full, it follows from Theorem 7 that, for some net (Tα) in Z(E),
we have lim Tαg = g and lim Tαu = 0; clearly we can suppose that 0 ≤ Tα ≤ IdE . Now, it
follows from Lemma 2 and (∗) that
1 ≤ lim inf ∥Tα∥ ≤ lim inf ρ(Tαu) = 0,
which is absurd.
– u is a order unit of E : otherwise, let h ∈ E \ Iu = {u}dd \ Iu ; let g = |h|+u and gn = g∧nu;
then g ∉ Iu and, since Z(E) is topologically full, for every integer n, we have limα T nα u = gn
for some net (T nα )α in Z(E). We get from Lemma 2 and (∗) that
n ≤ lim
α
inf
T nα  ≤ limα ρ(T nα u) = ρ(gn) ≤ ρ(g)
for every n, which is absurd.
– ρ is a norm on E , which is equivalent to ∥.∥u . Let h ∈ E = Iu ; since Z(E) is topologically
full, we have lim Sβu = h for some net (Sβ) in Z(E); observing that |h| ≤ ∥h∥u u, we can
suppose that 0 ≤ Sβ ≤ ∥h∥u IdE ; by Lemma 2 and (∗) we get:
∥h∥u ≤ lim inf
Sβ ≤ lim inf ρ(Sβu) = ρ(h) ≤ ∥h∥u ρ(u). 
As an application we obtain the following corollary.
Corollary 17. Let E be a Banach lattice with a topologically full centre; then (a)–(c) of Theo-
rem 16 are also equivalent to the following statements:
(d) E has an order unit.
(e) (Z(E), τs) is normable.
(f) (Z(E), τs) is metrizable.
(g) (Z(E), τs) is barrelled.
(h) (Z(E), τs) is a Baire space.
Proof. It is clear that (b) ⇒ (d) and (e) ⇒ (f); let us recall that if E is a Banach lattice, then
all Banach lattice norms on E are equivalent and (Z(E), ∥·∥u) and (Z(E), τs) are complete; we
get thus that (d) ⇒ (b) and that (f) ⇒ (g) and (h); under hypothesis (g) and (h), it is clear that
{T ∈ Z(E) : 0 ≤ |T | ≤ IdE } is a neighbourhood of 0 in (Z(E), τs), which clearly gives (a). 
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Remark 18. 1. The preceding corollary generalizes [14, Theorem 2.2], where it was supposed
that E had a quasi interior point.
2. Topological fullness of Z(E) cannot be omitted in the hypothesis of the preceding theorem
as it is shown in the following example: if E = Am([0, 1]) be the vector lattice of those
functions f in C([0, 1]) such that, for some sequence 0 = x0 < x1 < · · · < x p−1 < x p = 1,
depending on f, f is linear on [xq−1, xq ], for each q = 1, . . . , p, endowed with the norm
∥ f ∥1 =
 1
0 | f (t)| dt or if E is the abstract M-space with trivial centre, then τs and ∥·∥ agree
on Z(E) but, in the first case, ∥·∥1 is not equivalent to ∥·∥u (u = 1) and, in the second case,
E has neither quasi interior point nor a fortiori an order unit.
Before stating our next application, let us observe that if E is a locally convex vector lattice,
then there is a natural injective lattice homomorphism: T → T ′, from Z(E) into Z(E ′); it is thus
a natural question to ask how big is

T ′ : T ∈ Z(E) in Z(E ′).
We shall denote by H0 or K 0 the polars in E ′ or E of subsets H of E or K of E ′.
Theorem 19. Let E be a locally convex vector lattice; the following statements are equivalent:
(a) E has a Lebesgue topology and Z(E) is algebraically rich.
(b)

T ′ : T ∈ Z(E) is order dense in Z(E ′).
(c) The topology τs is Lebesgue on Z(E) and Z(E) is topologically rich.
Proof. Let us first recall that by Aliprantis and Burkinshaw [1, Theorem 9.1], a locally convex
vector lattice G has a Lebesgue topology if and only if every closed order ideal of G is a band.
Now, we can prove that (a) ⇒ (b). Since E ′ is Dedekind complete, Z(E ′) is algebraically
rich [10, Theorem 1.18] and by Duhoux and Meyer [3, Theorem 2.4], a vector sublattice H of
Z(E ′) is order dense in Z(E ′) if and only if for every band C ≠ {0} of E ′, H ∩ Z(E ′,C) ≠ {0};
since E is Lebesgue, B = C0 is a band of E ; we have Bd ≠ {0} and since Z(E) is algebraically
rich, Z(E, Bd) ≠ {0}; Observing that T ′ : T ∈ Z(E, Bd) ⊂ Z(E ′,C), we get (b). Now, we
can prove that (b) ⇒ (c). Let (Tα) be a decreasing net in Z(E) such that inf Tα = 0; by (b),
we get inf T ′α = 0 in Z(E ′); since E ′ is Dedekind complete, Z(E ′) is algebraically rich and
thus, by Meyer [10, Theorem 1.15], we get also inf T ′αµ = 0 for every µ ∈ (E ′)+, and thus
infµ(Tα f ) = 0 for every µ ∈ (E ′)+ and f ∈ E+. It follows from Lemma 1 and [1, Theorem
22.3] that (Z(E), τs) is Lebesgue. Let us prove now that Z(E) is topologically rich. If f ∈ E+
and if P ′f denotes the band projection E ′ → C ′f = (I 0f )d ; we get from (b) and the argument used
before that, for every µ ∈ (E ′)+,
µ( f ) = (P ′f µ)( f ) = sup

µ(T f ) : T ∈ Z(E), 0 ≤ T ′ ≤ P f

.
Observe now that if T ∈ Z(E) verifies 0 ≤ T ′ ≤ P ′f , thenµ(T g) = T ′µ(g) = supµ(T (g∧n f ))
for every g ∈ E+ and µ ∈ (E ′)+. It follows that if µ ∈ I 0f , then µ(T g) = 0 for every g ∈ E+
and thus that T ∈ Z(E, I f ), we get now, for every µ ∈ (E ′)+:
µ( f ) = sup µ(T f ) : T ∈ Z(E, I f ), 0 ≤ T ≤ IdE
and by Schaefer [12, Theorem 4.3],
f = sup T f : T ∈ Z(E, I f ), 0 ≤ T ≤ IdE .
Now, we can prove that (c) ⇒ (a). If (c) is true, then by Meyer [10, Theorems 1.18, 1.17
and 2.20], Z(E) is also algebraically rich and the mappings B → Z(E, B) (resp. I → Z(E, I ))
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is an increasing bijection from the set of bands (resp. closed order ideal) of E onto the set of
those of Z(E). Since (Z(E), τs) is supposed to be Lebesgue, every closed order ideal of Z(E)
is a band. It follows that the same is true for E and thus that the topology of E is Lebesgue. 
As an application we obtain also the following result (see [14, Theorem 5.2]).
Corollary 20. Let E be a Banach lattice; the following statements are equivalent
(a) E has a Lebesgue topology.
(b)

T ′ : T ∈ Z(E) = Z(E ′).
(c) The topology τs is Lebesgue on Z(E) and Z(E) is topologically rich.
Proof. Apply the preceding theorem and the following facts, if a Banach lattice E has a
Lebesgue topology, then it is Dedekind complete; thus Z(E) is algebraically rich (see [10,
Theorem 1.18]) and Dedekind complete and since Z(E) is order dense in Z(E ′), we have
T ′ : T ∈ Z(E) = Z(E ′). 
5. Comparisons and examples
We shall now compare five properties of Z(E); let us recall five definitions and introduce one
more again; by Corollary 11 we may modify our definition of topological richness.
Definition 21. Let E be a locally convex vector lattice; we shall say that the centre Z(E)
of E is
(A) topologically rich if

T f : T ∈ Z(E, I f )

is dense in I f .
(A′) topologically full if {T f : T ∈ Z(E)} is dense in I f .
(B) algebraically rich if

T f : T ∈ Z(E, { f }dd) is order dense in I f .
(B′) algebraically full if {T f : T ∈ Z(E)} is order dense in I f .
(C) regular if inf Tα f = 0 whenever (Tα) is a decreasing net in Z(E) such that inf Tα = 0.
All these properties for every f ∈ E+.
Remark 22. (a) It is perhaps time to recognize that most classical Archimedean vector lattice or
locally convex vector lattice have a “good” centre:
– If E is Dedekind σ -complete, then Z(E) is algebraically rich.
– If E is topologically complete (or even intercomplete in the sense of [11]) and has a quasi
interior point (or even a topological representation space in the sense of [12]), then Z(E)
is topologically rich (see [10]).
However, it seems to us that topological fullness of Z(E), which is slightly weaker than
topological richness, is an interesting notion which gives the good setting to study the
dense vector sublattice of Z(E). If the examples which will be given below are somewhat
pathological, we believe that pathological vector lattice are also to be studied.
(b) Regularity is a very weak property of Z(E), even vector lattice with a trivial centre has it;
this property was studied in [6,10] and it is asked in [6] whether every Archimedean vector
lattice has a regular centre.
(c) Let E be an Archimedean vector lattice or a locally convex lattice; then, with the notations
of the following Definition. The following diagram holds
(A) :
(A) ⇒ (B) ⇒ (B′); (A′)
⇓ ⇓
(A′) : (C) ; (B′)
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All those implications are trivial, unless perhaps (B) ⇒ (C) which was proved in [10,
Theorem 1.15].
Now, we give a counterexample for a locally convex vector lattice E such that Z(E) is
topologically full, algebraically rich but is not topologically rich ((A′) ∪ (B) ; (A)). Let us
define F to be the vector lattice of all real functions on [0, 1] with a finite range and a finite
number of discontinuities. If f : [0, 1] × [0, 1] → R, denote fy(x) = f x (y) = f (x, y) for
every (x, y) ∈ [0, 1] × [0, 1]. Let E be the set of the bounded functions f : [0, 1] × [0, 1] → R
such that, for some countable subset N ( f ) of [0, 1], depending on f :
– For every y ∈ [0, 1], fy ∈ C([0, 1]) and fy ∈ Am([0, 1]) for every y ∉ N ( f ).
– For x = 0, f x ∈ F + Am([0, 1]).
If N is a countable subset of [0, 1], let us define:
ρN ( f ) = sup {| f (x, y)| : (x, y) ∈ [0, 1] × N }
for every f ∈ E . Then E , endowed with the topology τ generated by the semi norms
{ρN : N countable subset of [0, 1]} is a locally convex vector lattice with the constant function
1 as an order unit. It is not difficult to verify that Z(E) may be identified to the space of those
functions T : [0, 1]×[0, 1] → R, such that, for some countable subset N (T ) of [0, 1] depending
on T :
– For every y ∈ [0, 1], Ty ∈ C([0, 1]) and Ty is constant for y ∉ N (T ).
– For x = 0, T x ∈ F . We shall now prove that Z(E) is topologically full. By Proposition 6 it
suffices to prove that {T 1 : T ∈ Z(E)} is dense in E ; let f ∈ E, ϵ > 0 and N be a countable
subset of [0, 1]; it is easy to construct a function T ∈ Z(E) such that:
• | f (0, y)− T (0, y)| < ϵ for y ∈ [0, 1].
• | f (x, y)− T (x, y)| < ϵ for (x, y) ∈ [0, 1] × N .
• T (x, y) = T (0, y) for (x, y) ∈ [0, 1] × ([0, 1] \ N ).
For such a T , we have ρN (T 1− f ) < ϵ and thus Z(E) is topologically full.
Now, we can prove that Z(E) is algebraically rich. Let f ∈ E+, f ≠ 0; there exists (x0, y0) ∈
]0, 1] × [0, 1] such that | f (x, y0)| > 0 for x ∈ [x0 − ϵ, x0 + ϵ]. Now, let S : [0, 1] × [0, 1] → R
such that:
• S(x, y) = 0 for (x, y) ∈ [0, 1] × ([0, 1] \ {y0}).
• S(x, y0) = (ϵ − |x − x0|)+.
It is clear that S ∈ Z(E, { f }dd)\{0}; by Meyer [10, Theorem 1.13], Z(E) is thus algebraically
rich. Now, we can prove that Z(E) is not topologically rich. Define f ∈ E+ by f (x, y) =
( 12 − x)+; if T ∈ Z(E, I f ), then T (1, y) = 0 for every y ∈ [0, 1] and thus T (x, y) = 0 for
(x, y) ∈ [0, 1]×([0, 1]\N (T )). It follows that T (0, y) = 0 for every y ∈ [0, 1]\N (T ), since T 0
is in F we get that {y : T (0, y) ≠ 0} is finite; it follows that for every countable infinite subset
N of [0, 1] we have
ρN ( f − T f ) ≥ sup {|T (0, y) f (0, y)− f (0, y)| , y ∈ N } ≥ 12 .
We cannot have thus f = lim T f : T ∈ Z(E, I f ), 0 ≤ T ≤ IdE.
Now, we give an example of a Banach lattice with algebraically rich but not topologically full
centre ((B); (A′)). Let J be a non countable index set and let X be a weakly complete cone with
a universal cap K ; denote by H c(K ) the vector lattice of homogeneous functions on X , which
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are continuous on K , with the pointwise ordering. Let K j = K for every j ∈ J,Ω =  K j
(topological sum) and for f : Ω → R, denote f j the restriction of f to K j . Define E to be
the vector lattice of all f ∈ Cb(Ω), such that for some countable subset N ( f ) of J , depending
on f, f j ∈ H c(K ) for every j ∉ N ( f ). Endowed with the uniform norm on Ω , E becomes an
abstract M-space; Z(E), operating by product, consists of those functions T j ∈ Cb(Ω) such that
T j is constant for j ∉ N (T ), where N (T ) is a countable subset of J , depending on T . It was
proved in [10, Theorem 5.14] that Z(E) is algebraically rich but is not topologically rich; we
shall see now that Z(E) is not topologically full: Let ϕ,ψ ∈ H c(K ), 0 ≤ ψ ≤ ϕ, such that
λϕ ≠ ψ for every λ ∈ R and let inf {∥λϕ − ψ∥ , λ ∈ R} = a > 0. Define f, g ∈ E such that
f j = ϕ and g j = ψ for every j ∈ J ; 0 ≤ g ≤ f but ∥T f − g∥ ≥ a > 0 for every T ∈ Z(E); it
follows that {T f : T ∈ Z(E)} is not dense in Z(E).
Now, to give an example for a Banach lattice with regular but neither algebraically nor
topologically full centre it suffices to take an M-space with trivial centre. So (C); (A′) or (B′).
Now, with the notations of the preceding example, let K1 = K2 = K and L = K1 + K2
(topological sum); let xi ∈ Ki \ {0}, i = 1, 2, with x2 extremal point of K2. Define E to be the
vector lattice of continuous functions f on L such that
• The restriction f2 of f to K2 is an element of H c(K ).
• f (x1) = f (x2).
Endowed with the uniform norm, E is clearly an abstract M-space and Z(E)may be identified
to those continuous functions T on L such that: T (x) = T (x1) for every x ∈ K2. Let
F = T ∈ Z+(E) : T (x1) = 1; it is easy to verify that F is a decreasing net in Z(E) such
that infF = 0; but if g ∈ E+ \ {0} is such that g(x2) = g(x) = 0 for every x ∈ K1, we have:
T g = g for every T ∈ F . So E is a Banach lattice with non regular centre. It is asked in [6]
whether every Archimedean vector lattice has a regular centre, so we remarks that by the above
example the answer is negative.
Before listing some open problems, let us give some characterizations of the algebraical
fullness of Z(E).
Theorem 23. Let E be an Archimedean vector lattice, then the following statements are
equivalent:
(a) Z(E) is algebraically full.
(b) For every u ∈ E+, Z({u}dd) is algebraically rich and T/{u}dd : T ∈ Z(E) is an order dense
vector sublattice of Z({u}dd).
(c) The bands are the only order closed vector sublattice F of E such that T (F) ⊂ F for every
T ∈ Z(E).
Corollary 24. Let E be an Archimedean vector lattice with a weak order unit; the following
statements are equivalent:
(a) Z(E) is algebraically rich.
(b) Z(E) is algebraically full.
Theorem 25. Let E be an Archimedean vector lattice, then the following statements are
equivalent:
(a) E is Dedekind complete.
(b) Z(E) is Dedekind complete, algebraically full and regular.
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Proof. It was proved in [10, Theorem 1.18] that (a) implies that Z(E) is algebraically rich and
Dedekind complete; thus by Remark 22(c), (a) ⇒ (b). Now, we can prove that (b) ⇒ (a): Let
f, g ∈ E+, 0 < g ≤ f and H = {T ∈ Z(E) : 0 ≤ T ≤ IdE , T f ≤ g}; since Z(E) is Dedekind
complete; S = sup H exists in Z(E); the regularity of Z(E) gives
S f = sup {T f : f ∈ H} ;
the algebraical fullness gives S f = g. Now, let (uα) be an increasing net in E+ such that
0 ≤ uα ≤ u, for some u ∈ E+; as we have seen before, there exists (Tα) ∈ Z(E), 0 ≤ Tα ≤ IdE ,
such that Tαu = uα; if T = sup Tα in Z(E), we get again by regularity:
sup uα = sup Tαu = T u. 
Corollary 26. Let E be a locally convex vector lattice; the following statements are equivalent.
(a) E is Dedekind complete and has a Lebesgue topology.
(b) Z(E) = Z(E ′).
(c) (Z(E), τs) is Dedekind complete, algebraically full and Lebesgue.
Proof. It suffices to apply Remark 18 and Theorem 23, observing that if τs is Lebesgue on Z(E),
then Z(E) is regular. 
We end this paper by giving some remarks and problems:
1. The relations between algebraical fullness and topological fullness for Z(E): we have no
counterexample showing that (A′); (B′) and (B′); (A′) in Remark 22(c).
2. Does algebraical or topological fullness imply regularity for Z(E)? We conjecture it is false
but we have no counter example. By Remark 18, we know that when E has a weak order unit
algebraical fullness is equivalent to algebraical richness and thus implies regularity; however,
we have no example of an Archimedean vector lattice with an algebraically full but not rich
centre.
3. An example was given in page 19 of a locally convex vector lattice with topologically full but
not rich centre; this space has an order unit, but obviously is not topologically complete. It
would be interesting to replace that space by a Banach lattice and an abstract M-space would
be welcome; of course, by Remark 22(a), this M-space must not have any quasi interior point.
It may be observed that if E is an M-space, Z(E) is topologically rich if and only if Str(E)
is completely regular (see [10, Theorem 3.6]) and Z(E) is topologically full if and only if
C(Str(E)) strongly separates the points of Str(E) (it is a consequence of [4] and [5, Theorem
1.19]).
4. Finally it seems to be an interesting question to characterize the vector lattice E such that
Z(E) = Orth(E). To the best of our knowledge, this problem is still open.
References
[1] C.D. Aliprantis, O. Burkinshaw, Positive Operators, Academic Press, Orlando, 1985.
[2] M. Duhoux, M. Meyer, Extended orthomorphisms on Archimedean Riesz spaces, Ann. Mat. Pura Appl. (4) 33
(1983) 193–226.
[3] M. Duhoux, M. Meyer, Extension and inversion of extended orthomorphisms on Riesz spaces, J. Aust. Math. Soc.
Ser. A 37 (1984) 223–242.
[4] A. Goullet de Rugy, La structure ide´al des M-espaces, J. Math. Pures Appl. 51 (1972) 331–373.
[5] A. Goullet de Rugy, Une classe d’espaces de Banach re´ticule´s, Math. Z. 144 (1975) 217–238.
[6] D.R. Hart, Disjointness preserving operators, Thesis, California Inst. of Technology, Pasadena, 1983.
E. Chil, M. Meyer / Indagationes Mathematicae 23 (2012) 167–183 183
[7] G. Jameson, Ordered Linear Spaces, in: Lecture Notes in Mathematics, vol. 141, Springer, Berlin, Heidelberg, New
York, 1970.
[8] S. Leader, Separation and approximation in topological vector lattices, Canad. J. Math. 11 (1959) 286–296.
[9] W.A.J. Luxembourg, A.C. Zaanen, Riesz Spaces I, North-Holland, Amsterdam, 1971.
[10] M. Meyer, Richesses du centre d’un espace re´ticule´, Math. Ann. 236 (1978) 147–169.
[11] M. Meyer, Les espaces vectoriels re´ticule´s intercomplets, Ann. Soc. Sci. Brux. 95 (1981) 93–114.
[12] H.H. Schaefer, Topological Vector Spaces, 3rd printing, Springer, Berlin, Heidelberg, New York, 1971.
[13] H.H. Schaefer, Banach Lattices and Positive Operators, Springer, Berlin, Heidelberg, New York, 1974.
[14] A.W. Wickstead, The ideal centre of a Banach lattice, Proc. R. Ir. Acad. Sect. A 76 (4) (1976) 15–23. MR0420214
(54 #8228).
[15] A.W. Wickstead, The structure space of a Banach lattice, J. Math. Pures Appl. 56 (1977) 39–54.
[16] A.W. Wickstead, Extremal structure of cones of operators, Quart. J. Math. Oxford Ser. (2) 32 (126) (1981) 239–253.
MR615198.
[17] A.W. Wickstead, Banach lattices with trivial centre, Proc. R. Ir. Acad. Sect. A 88 (1) (1988) 71–83. MR974286.
[18] A.W. Wickstead, Banach lattices with topologically full centre, Vladikavkaz. Mat. Zh. 11 (2) (2009) 50–60.
MR2529410.
[19] W. Wils, The ideal centre of a partially ordered vector space, Acta Math. 127 (1971) 41–77.
[20] A.C. Zaanen, Examples of orthomorphisms, J. Approx. Theory 13 (1975) 192–204.
